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Work 1 ɀ 3D Elasticity 

Recap 

1. The static equilibrium equations (SEE) of the 3D elasticity are: 

0

0

0

yxx zx

xy y zy

yzxz z

X
x y z

Y
x y z

Z
x y z

ts t

t s t

tt s

µµ µ
+ + + =

µ µ µ

µ µ µ
+ + + =

µ µ µ

µµ µ
+ + + =

µ µ µ

 
(1.1)  

 

 

Where x

x

sµ

µ
 represents the first derivative of xs  with respect to x, 

yz

y

tµ

µ
 represents the first 

derivative of yzt  with respect to y, etc. X,Y, Z ɀ the body forces. 

2. The Boundary Conditions (BCs): 

x x yx zx

y xy x zy

z xz yz z

p l m n

p l m n

p l m n

n

n

n

s t t

t s t

t t s

= + +

= + +
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 (1.2)  
 

Where  

cos( , )

cos( , )

cos( , )

l n x

m n y

m n z

=

=

=

 
(1.3)  

 

 

BCs stated in (1.2) are dynamic BCs on the part pS  of the surface where , ,x y zp p p  are the 

prescribed loads. 

, ,l m n - are the components of the unit outward pointing normal to the surface. 

Kinematic BCs ɀ are applied on the surface uS  

0

0

0

x x

y y

z z

u u

u u

u u

=

=

=

 on uS  
(1.4)  

 

0 0 0, ,x y zu u u  are the prescribed values for the displacement. 
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3. Kinematic equations (strain-displacement relations): 

x

y

z

u

x

v

y

w

z

e
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µ
=
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µ
=
µ

µ
=
µ

 (1.5)  
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g
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µ µ

µ µ
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µ µ

 
(1.6)  

 

 

4. The continuity conditions 
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(1.7)  
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(1.8)  

 

 

5. The constitutive equations 

1
( ( ))

1
( ( ))

1
( ( ))

x x y z

y y x z

z z x y

E

E

E

e s m s s
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(1.9)  

 

1 1 1
, ,xy xy xz xz yz yz

G G G
g t g t g t= = =  

(1.10)  
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EXAMPLE 

Determine the state of stress, strains and displacement for a prismatic bar 
subjected to pure bending. 

 
 

Figure 1 ɀ Pure bending of a bar 

 

Remark ɀ &ÒÏÍ 3ÔÒÅÎÇÔÈ ÏÆ -ÁÔÅÒÉÁÌÓȟ ÂÁÓÅÄ ÏÎ "ÅÒÎÏÕÌÌÉȭÓ ,Á× ÏÆ ÐÌÁÎÅ ÓÅÃÔÉÏÎÓȟ ÔÈÅ ÓÔÁÔÅ ÏÆ 

stress will be given by: 

( )

0 ( )

0 ( )

x

y

z

E
E y a

b

c

s e
r

s

s

= =

=

=

 
(1.11)  

 

 

0xy xz yzt t t= = = 
(1.12)  

 

 

Where r- the radius of curvature and 
1

r
 - the curvature of the deformed axis. 

TO DO 
 

a) Check if this state of stress is correct with respect to the Fundamentals Equations of 

elasticity; 

b) Consider the body forces 0 (zero) (X=Y=Z=0); 

c) The lateral surface are given by their outward normal ( , , )l m nn  where l,m,n are the 

director cosines. 
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1) The SEE (1.1): 
 

yxx

x y

ts µµ
+

µ µ

zx

z

tµ
+
µ

0, 0 0

xy

X

x

t

+ = =

µ

µ

y zy

y z

s tµ µ
+ +
µ µ

0, 0 0

xz

Y

x

t

+ = =

µ

µ

yz

y

tµ
+
µ

0, 0 0z Z
z

sµ
+ + = =
µ

 because of eq. (1.11), (1.12) and the condition X=Y=Z=0. 

 

2) Check the BCs (1.2): 
 

a. On the lateral surface 1S , 1 1 1 1(1,0,0), 1, 0, 0l m nn = = = 

x x yxp l mn s t= + zxnt+

0

0

x x x

y

z

E
p p y

p

p

n n

n

n

s
r

Ý = Ý =

=

=

    (a) 

 

Remark: BCs are fulfilled on the lateral surface 1S  if the external load M is applied by an 

equivalent system of external forces having 0, 0, 0x y zp p pn n n¸ = =. 

 

  
Figure 2 

(a)  Should satisfy: 

1 1 1

1

0x x

S S S

z x

S

E
N p dA dA ydA

M p ydA M

n

n

s
r

= = = =

= =

ñ ñ ñ

ñ
 

z-z is a central axis and the static moment with respect to a central axis is zero. 

1

2 1z
x

zS

EIE M M
y dA M M p y

EI I
n

r r r
= Ý = Ý = Ý =ñ  
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b. On the lateral surface 2S : unloaded, 2(0,1,0)n  

0 0x x x xyp pn n s t= Û = +1 0 0

0

0

xz

y

z

p

p

n

n

t+ =

=

=

 

 

c. On the lateral surface 3S : unloaded, 3(0,0,1)n  

0 0 0x x x xy xzp pn n s t t= Û = + +1 0

0

0

y

z

p

p

n

n

=

=

=

 

The BCs on the lateral surfaces 2S  and 3S  are identically satisfied. 

 

Remark ɀ The proposed state of stress (1.11) and (1.12) satisfies the SEE (1.1) and the BCs 

(1.2) if: 

; 0; 0; 0x y z xy xz yz

z

M
y

I
s s s t t t= = = = = = and the external couple M is applied by a 

system of distributed forces having the components: , 0, 0x y z

z

M
p y p p

I
n n n= = =. 

 

3) STRAINS: 
 

From the Constitutive Equations (1.9) and (1.10) ÅØÐÒÅÓÓÅÄ ÂÙ (ÏÏËÅȭÓ 'ÅÎÅÒÁÌÉÚÅÄ ,Á× ÔÈÅ 

strains are determined: 

1 1
( ( ))x x y z

E y
y

E E
e s m s s

r r
= - + = = (1.13)  

 

 

1
( ( ))y y x z

y

E
e s m s s m

r
= - + =- 

(1.14)  
 

1
( ( ))z z x y

y

E
e s m s s m

r
= - + =- (1.15)  

 

 

0xy yz xzg g g= = = 
(1.16)  

 

A linear state of strains is obtained. 
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4) STATE OF DISPLACEMENT: 

From the kinematic equations (1.5), by integrating, displacements are obtained under the 

following form: 

x

y

z

u u y

x x

v v y

y y

w w y

z z

e
r

e m
r

e m
r

µ µ
= Ý =
µ µ

µ µ
= Ý =-
µ µ

µ µ
= Ý =-
µ µ

 Through integration ×ÅȭÌÌ ÇÅÔȡ 

0( , , ) ( , )
y

u x y z x u y z
r
= +  (1.17)  

 

 

0( , , ) ( , )
2

y
v x y z y v z xm

r
=- +  

(1.18)  
 

0( , , ) ( , )
y

w x y z z w x ym
r

=- +  (1.19)  
 

 

The integrating functions 0 0 0, ,u v w  are determined such that displacements u, v, w to satisfy 

the second set of the Kinematic Equations (1.6). 

xy

yz

xz

u v

y x

v w

z y

u w

z x

g

g

g

µ µ
= +
µ µ

µ µ
= +
µ µ

µ µ
= +
µ µ

  

In the first eq. we will introduce (1.17) and (1.18), in the second eq. (1.18) and (1.19) and in 

the third one (1.17) and (1.19). 

0 0 0 0( , ) ( , )
0

u v u y z v x zx x

y x y xr r

µ µ µ µ
+ + = Ý + =-
µ µ µ µ

 (1.20)  
 

 

0 0 0 0( , ) ( , )
0

v w v x z w x yz z

z y z y
m m
r r

µ µ µ µ
- + = Ý + =

µ µ µ µ
 

(1.21)  
 

0 0( , ) ( , )
0

u y z w x y

z x

µ µ
+ =

µ µ
 

(1.22)  
 

 

Remark - 0 0 0, ,u v w  can be determined if the second order partial derivatives are specified. 

From (1.20), differentiating with respect to y, x and z we obtain: 
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2

0

2

( , )
0

u y z

y

µ
=

µ
 

(1.23)  
 

2

0

2

( , ) 1v x z

x r

µ
=-

µ
 

(1.24)  
 

2 2

0 0( , ) ( , )
0

u y z v x z

y z x z

µ µ
+ =

µ µ µ µ
 

(1.25)  
 

 

 

In a similar manner the other expressions of the second order derivatives are obtained: 

 
0( , )u y z  0( , )v x z  0( , )w x y  

T1 2

0

2

( , )
0

u y z

y

µ
=

µ
 

2

0

2

( , )v x z

z

m

r

µ
=

µ
 

2

0

2

( , )
0

w x y

x

µ
=

µ
 

T2 2

0

2

( , )
0

u y z

z

µ
=

µ
 

2

0

2

( , ) 1v x z

x r

µ
=-

µ
 

2

0

2

( , )
0

w x y

y

µ
=

µ
 

T3 2

0 ( , )
0

u y z

y z

µ
=

µ µ
  

2

0 ( , )
0

v x z

x z

µ
=

µ µ
  

2

0 ( , )
0

w x y

x y

µ
=

µ µ
 

 

From T1, integrating 2 times with respect to y we will obtain: 

2

0 0
1 0 1 22

( , ) ( , )
0 ( ) ( , ) ( ) ( )

u y z u y z
a z u y z a z y a z

y y

µ µ
= Ý = Ý = +

µ µ
 

(1.26)  
 

 

The unknown functions 1( )a z  and 2( )a z  are determined by imposing the conditions T3 and T2 

for the function 0( , )u y z : 

T3, by differentiating with respect to y and than with respect to z: 

2 2

0 0 0 1
1 1 1

( , ) ( , ) ( , ) ( )
0 ( ) 0 ( )

u y z u y z u y z a z
a z and a z a

y z y y z z

µ µ µ µ
= Ý = = = Ý =

µ µ µ µ µ µ
 

(1.27)  
 

 

T2: 

2 2 2

0 0 02 2

2 2 2

( , ) ( , ) ( , )( ) ( )
0 0

u y z u y z u y za z a z
and

z z z z z

µ µ µµ µ
= Ý = = =

µ µ µ µ µ
 

(1.28)  
 

 

By integrating 2 times with respect to z: 

2 2 3( )a z a z a= +  (1.29)  
 

The expression of 0u  is: 

0 1 2 3( , )u y z a y a z a= + + (1.30)  
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In the same manner, using derivatives of other functions the expressions of 0( , )v x z  and 

0( , )w x y are obtained: 

2 2

0 4 5 6

1
( , )

2 2
v x z z x a z a x a

m

r r
= - + + + (1.31)  

 

0 7 8 9( , )w x y a x a y a= + + (1.32)  
 

Remark ɀ Functions 0 0 0, ,u v w  given by (1.30), (1.31) and (1.32) have to satisfy the system 

with partial derivatives (1.20), (1.21) and (1.22) taking into account that through successive 

operation (integration, differentiation) poor solutions may be introduced. 

In equation (1.20) we will introduce the expressions (1.30) and (1.31): 

1 5 5 1

1 x
a x a a a
r r
- + =- Ý =- (1.33)  

 

 

In equation (1.21) we will introduce the expressions (1.31) and (1.32): 

4 8 8 4

z
z a a a a
m

m
r r
+ + = Ý =- (1.34)  

 

 

In equation (1.22) we will introduce (1.30) and (1.32): 

7 2 7 20a a a a+ = Ý =- (1.35)  
 

Remark ɀ the integrating functions  0 0 0, ,u v w  and consequently the displacement depend 

only upon 6 distinct constant: 1 2 3 4 6 9, , , , ,a a a a a aso the displacement functions are: 

(1.17): 
1 2 3( , , )

xy
u x y z a y a y a

r
= + + + (1.36)  

 

(1.18): 2 2 2

4 1 6( , , )
2 2 2

y z x
v x y z a z a x a

m m

r r r
=- + - + - + (1.37)  

(1.19): 
2 4 9( , , )

zy
w x y z a x a y a

m

r
=- - - + (1.38)  

 

 

5) INTEGRATING CONSTANTS FROM THE BCs: 
 

The case of a bar fixed at one  end: 
 

 
Figure 3 ɀ Cantilever 
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BCs: 
(1) At 0x= the central point 0 is fixed and consequently displacements are zero: 

3(0,0,0) 0 0u a= Ý = (1.39)  
 

6(0,0,0) 0 0v a= Ý = (1.40)  

9(0,0,0) 0 0w a= Ý = (1.41)  

 

At the fixed end the rotation of the section in the plane (XOY) , (XOZ) and (YOZ) is zero: 

- In the vertical plane (XOY) the slope , 0 1| 0 0x xv a== Ý = 

- In the horizontal plane (XOZ) the slope , 0 2| 0 0x xw a== Ý = 

- In the plane (YOZ) the angle of rotation , 0 4| 0 0z xtg v aa == = Ý = 

The displacements are: 

( , , )
xy

u x y z
r

=  (1.42)  
 

2 2 2

( , , )
2 2 2

y z x
v x y z

m m

r r r
=- + - (1.43)  

( , , )
zy

w x y z
m

r
=-  (1.44)  

 

DISCUSSIONS: 

(1) The deformed axis: 
 

(1.37): 
2

2( ,0,0)
2 2

x M
v x x

EIr
=- =-  (parabolic function). 

 

(2) A plane section at a distance 0x  from the origin, after deformation, remains a 

normal plane to the deformed axis (Bernoulli’s hypothesis) 

 
Figure 4 



Theory of elasticity ɀ examples and problems 

 

Work 1 ɀ 3D Elasticity Page 11 

 

0
0 0 0 0( , , ) (1 )

x y y
x x u x y z x x

r r
= + = + = + (Equation of a plane) 

The rotation of the cross-section is given by: 
0 0

0
,| |x x y x

x
tg ua

r
= = =   

The slope of the deformed axis is: 
0 0

0
,| |x x x x x

x
tg vb

r
= == =- 

(3) Cross-section analysis 
 

(a) Lateral surfaces ( ( / 2)z b=° ) 

 
After deformation the lines ( / 2)z b=° remain lines that rotate about point B. 

/2| (1 )
2 2

z b

b b y
z w

m

r
=°=° + =° - 

 
(b) Superior (inferior) faces ( ( / 2)y h=° ) 

 
Superior/inferior faces become hyperbolic paraboloids: 

2
2 2

/2

( )
4|

2 2 2
y h

h
x z

h h
y v

m

r
=°

+ -

=° + =° -  

 

For a constant cross-section ( 0x x= ), the superior and inferior edges ( / 2y b=° ) become 

parabolas (Figure 5): 
2

2 2

0 ( )
4

2 2

h
x z

b
y

m

r

+ -

=° -  

 
Figure 5 
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PROBLEMS 

1. Determine the state of stress, strains and displacements in a prismatic 

bar subjected to pure (free) torsion. 

 
Figure 6 

From Strength of Materials the state of stress is given under the following form: 

0

zx

zy

xy

G y

G x

t q

t q

t

=-

=

=

 and 0x y zs s s= = = 

3ÅÅ !ÐÐÌÉÃÁÔÉÏÎ υȢψȢυ ÆÒÏÍ Ȱ4ÈÅÏÒÙ ÏÆ %ÌÁÓÔÉÃÉÔÙ ÆÏÒ ÃÉÖÉÌ ÅÎÇÉÎÅÅÒÓȱ ɀ I. Martian, Cluj-Napoca, 1999 

 

2. Determine the state of stress, strain and displacements in a bar 

subjected to its own weight (mass force) if: 

a) X=0, Y=0 and Z=-ʍÇ 

b) Stresses are given by: 

ʎxЀ ʎyЀπȟ ʎz=- ʍÇÚ ÁÎÄ ʐxyЀ ʐyzЀ ʐzx=0. 

ʍÇЀɾȭ ɀ represents the specific weight 

ʍ ɀ specific density of the material 

                                        

Figure 7 


