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Theory of elasticity z examples and problems

Work 1 z 3D Elasticity

Recap

1. The static equilibrium equations (SEE) of the 3D elasticity are:
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Where By represents the first derivative of s, with respect to x, represents the first

derivative of £, with respect toy, etc. X,Y, Z  the body forces.
2. The Boundary Conditions (BCs):
pnx :sxl +l§/xm +z{n

pny :[xyl + ‘irn +Z)ln (12)

pnz:[le +§{n +zB
Where

| =cosh x)
m=cos(n,y) (1-3)

m=cos(n,z)

BCs stated in (1.2) are dynamic BCs on the part S, of the surface where p,, p,, p,are the

prescribed loads.

I, m, n -arethe components of the unit outward pointing normal to the surface.

Kinematic BCs z are applied on the surface S,

u, =u
u, = uy on S, (1.4)
u, = u

u, u, uf are the prescribed values for the displacement.
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3. Kinematic equations (strain-displacement relations):
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4. The continuity conditions
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we _fig (1.7)
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5. The constitutive equations

e==(5 - (ms+))

1
ey:E( 3 - (m s +,). (1.9)
1
e==(5 - (ms+))
1 1 1 1.10
gxy_a Iy’ ng_'é x2 t yz g y ( )
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EXAMPLE

Determine the state of stress, strains and displacement for a prismatic bar
subjected to pure bending

- _AT(001)
M A o f M
= il
|~ S N Vv;(1,0,0)
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w4

V,(0,1,0)

N

Figure 1z Pure bending of a ba

Remarkz& 01 i 3O00AT GCOE 1T &£ - AOAOEAI 6h AAOGAA 11
stress will be given by:

ssEe%y(a)

(1.11)
s,=0 (9)]
s,=0 (c)

(1.12)
txy= Iz :yzt @:

. 1 .
Where r - the radius of curvature and — - the curvature of the deformed axis.
r

TO DO

a) Check if this state of stress is correct with respect to the Fundamentals Equations of
elasticity;

b) Consider the body forces 0 (zero) (X=Y=Z=0);

c) The lateral surface are given by their outward normal /_7(I,m, n) where I,m,n are the

director cosines.
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1) The SEE (1.1):

l‘lSX+w‘/K+/u£/§+X 9, 0 6

X/ u

t
ll/‘{+wqu + I»}§{+Y ®, 0 © because of eq. (1.11), (1.12) and the condition X=Y=Z=0.
MX Ky R
t
g MBS, 5o g g

Ax Ay gz

2) Check the BCs (1.2):
a. Onthe lateral surface S, 77,(1,0,0), I, = Im, =0n, =
y . E
=s | + +tNY =s. Y =
Pox X %fﬁ /ﬁﬁ Pox X P x r y

Pay =0 (@)
pﬂZ = o

Remark: BCs are fulfilled on the lateral surface S if the external load M is applied by an
equivalent system of external forces having p,,, 0, p, 0, p, €

M=M,
L <{> N
\ E
¥, S Py =—Y
P

Figure 2

(a) Should satisfy:

N = Qp.dA =sidA E ydfy0
s s rs
Mz = ﬁpnxydA =M
S

z-z is a central axis and the static moment with respect to a central axis is zero.

E._, _El A M LM
_ dA=M Y—% =M = =
rgy r r El ¥ . Y
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b. On the lateral surface S,: unloaded, 1,(0,1,0)
Px=0 Up, 5,0 #1+£,0 =0

P,y =0
pﬂZ :o

c. Onthe lateral surface S;: unloaded, 72,(0,0,1)
p,=0 Up, =,0 £0 A1=0
pny = 0
P,, =0

The BCs on the lateral surfaces S, and S; are identically satisfied.

Remark z The proposed state of stress (1.11) and (1.12) satisfies the SEE (1.1) and the BCs
(1.2) if:

5X:|My; S D 5 6 of Bl 7 @ and the external couple M is applied by a

z

- . M
system of distributed forces having the components: p,, = T Y. Py O, P, 6

z

3) STRAINS:

From the Constitutive Equations (1.9) and (1.10) A@POAOOAA AU (1T EA8O ' Al
strains are determined:

_1 . 1E Y (1.13)
=g - mseys Ey Y
1 Ly (1.14)
e=2(g - (ms+)s =2
_1 _y )
ez_E( § - (ms+))s = (1.15)
(1.16)

9= 4 =9 G
A linear state of strains is obtained.
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4) STATE OF DISPLACEMENT:

From the kinematic equations (1.5), by integrating, displacements are obtained under the
following form:

eX:w vy H Y
r

Y

51
1
E|E ElE =

Through integrationx A6 1 1 CAQ(,

Y

L)
I

=
A

U(x v, 3=~ x+y(y ¥ (L17)

y (1.18)
V(X Y, 2= m-y ¥( 7 X

WX Y, 9= 4m= 2z (XY (1.19)

The integrating functions u,, V\,, W, are determined such that displacements u, v, w to satisfy
the second set of the Kinematic Equations (1.6).

u
gxy:u_ -'hM
by M
gyzzw -{_‘N
Hz M
g, =" ¥
iz M

In the first eq. we will introduce (1.17) and (1.18), in the second eq. (1.18) and (1.19) and in
the third one (1.17) and (1.19).

M W WYY ¥z X (1.20)
row M Y S
Wo oz W oo OMXD _Wixy  z (1.21)
ez M Zu yH r
(.9, m(XY (1.22)
Hz M

Remark- u,, v,, w, canbe determined if the second order partial derivatives are specified.

From (1.20), differentiating with respect to y, x and z we obtain:
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Hu(%2 _ (1.23)
lJ.yZ
K%(x9_ 1 (1.24)
x* r
KU (v, 2, fy(x% 3 (1.25)
0 ’ + :O .
by g XUz

In a similar manner the other expressions of the second order derivatives are obtained:

U (Y, 2 Vo(X, 2 W, (%, Y)

T WU (Y. 9 _ WV, (% 2) _ m KW (% Y) _
Ly pz* r X

T2 WU (Y9 _ V(%2 _ 1 KW (% Y) _,
pz* X r Ly

T3 Wy (.9 _ K% (%2 _, KW (% Y) _,
Wy B X g X M

From T1, integrating 2 times with respect to y we will obtain:

Malid oo v B2 56 Su(v2 w3y ) (1.26)

The unknown functions &,(2) and a,(2) are determined by imposing the conditions T3 and T2

for the function u, (Y, 2):

T3, by differentiating with respect to y and than with respect to z:

HU(.2 _y y (Y 3 a(2) and wlyr (@ - A3 (1.27)
Ky a W g M4 Z

T2:

(.3 o ¢ (Y3 12(2 g “W(yy fa(s , (1.28)
bz A 21 Zp Z u

By integrating 2 times with respect to z:

a(2)=az+a (1.29)

The expression of U, is:

Uu(y,2=ay+az % (1.30)
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In the same manner, using derivatives of other functions the expressions of vo(x, 2 and

W, (X, y)are obtained:

1
Vo (X, z)=£ 4 Z_r)% az ax ¢ (1.31)
w(xyY)=ax+ay 4 (1.32)

Remark z Functions Uy, Vo, W, given by (1.30), (1.31) and (1.32) have to satisfy the system

with partial derivatives (1.20), (1.21) and (1.22) taking into account that through successive
operation (integration, differentiation) poor solutions may be introduced.

In equation (1.20) we will introduce the expressions (1.30) and (1.31):

1 _X v 1.33
a-—x+a = af 3 (1:33)
r r
In equation (1.21) we will introduce the expressions (1.31) and (1.32):
M+ a, +a mZ X 3 (1.34)
r r
In equation (1.22) we will introduce (1.30) and (1.32):
a+a ® Ya =a (1.35)

Remark z the integrating functions Uy, Vy, W, and consequently the displacement depend

only upon 6 distinct constant: a,, a,, &, a,, g, aso the displacement functions are:

1.17):
(117 u(x v, =¥ fay 8y g (1.36)
(1.18): S s

Wxyd= 05 45 % ar ax g (1.37)
(1.19): WX . 2= %/ ax ay 3 (1.38)

5) INTEGRATING CONSTANTS FROM THE BCs:

The case of a bar fixed at one end:

defomed axis /

¥y(v)
Figure 3z Cantilever
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BCs:
(1) At x=0the central point 0 is fixed and consequently displacements are zero:
u(0,0,0=0 Ya, =C (1.39)
v(0,0,0)= 0 Ya, =C (1.40)
w(0,0,0)= 0 Yag, =( (1.41)

At the fixed end the rotation of the section in the plane (XOY) , (XOZ) and (YOZ) is zero:

- Inthe vertical plane (XOY) the slope Vv, |, ;=0 Ya =0
- Inthe horizontal plane (XOZ) the slope W, |,_,=0 Ya, 0

- Inthe plane (YOZ) the angle of rotation tga =v, |, 0 Ya, ©

The displacements are:

u(x, y, :ﬁ (1.42)
_my m X
V(X Y, 9= Y 4; 5 (1.43)
W(X Y, )= @/ (1.44)
DISCUSSIONS:
(1) The deformed axis:
(1.37): v(x,0,0)= R X (parabolic function)
o ’ T '

(2) A plane section at a distance X, from the origin, after deformation, remains a
normal plane to the deformed axis (Bernoulli's hypothesis)
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du
Figure 4

Work 1 z 3D Elasticity Page 10



Theory of elasticity z examples and problems

X=% H(% ¥ X %X ¥é Xr) (Equation of a plane)

X

The rotation of the cross-section is given by: tga |X:)b =u
-

v by

The slope of the deformed axis is: t96 |, =V, |5 = %
’ r

(3) Cross-section analysis

(a) Lateral surfaces (z= {b/2))

After deformation the lines z={b/ 2) remain lines that rotate about point B.

b b, my
zZ= <= wl|._ =11 —=2
2 |z-“ol2 2( r )'

(b) Superior (inferior) faces (y= {h/2))

Superior/inferior faces become hyperbolic paraboloids:
2
4 -7)
4
2r

h h,
y= 5 ‘°"|y=°h/2 :2

For a constant cross-section (X = X%,;), the superior and inferior edges (y= h/2) become
parabolas (Figure 5):

2+ 2)
0 4
2 2r

y:

arabolas
_1/

( i ]

\ /

_\\ | !;

h \——ilﬁ—_; B——>Z(W)
\ | I| z=+b/2
\ (]

L————J plane

L b ll/

Yy ()
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PROBLEMS

1. Determine the state of stress, strains and displacements in a prismatic
bar subjected to pure (free) torsion.

R
N2
- I |
ig !
= Il
:
|
|
|
|
|
|
\\.__ : __.a')
MS——

Figure 6

From Strength of Materials the state of stress is given under the following form:

= Gg

{,=G gq ands,=§ =5 @

t,=0

3AA I PP1I EAAOGETT vuv8sysu AEOI I OA.MArad ClujiNafiocapiofod OE A E (

2. Determine the state of stress, strain and displacements in a bar

subjected to its own weight (mass force) if:
Z
N

a) X=0, ¥0 and Z=m ¢
/'J:\

b) Stresses are given by: .| y
/(XE yET[ EF' /\MC U AE ﬁE zZ‘Z_O T
N = [
m C Ezmrepresents the specific weight :
mz specific density of the material :
[
— |
L —1x1x1 |
| ,//72
i AT T
l _ L X
peg=Y ~

Figure 7
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